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Introduction 

We now begin the study o 

a frame field and then use 
information about the sha 


On curves, we can move c 
were ‘ordinary’ derivatives 
curve. On a surface there 
independent directions in 







romts ana lines cannot contain neighbourhoods of any of their points, so i 
must overlap in a whole region. This will be important for some of th< 
technical theorems. 


The sphere Notice how the definition of surface in terms of proper patches 
for difficulties in verifying that the sphere is, indeed, a surface. 

The first patch defined in O ’Neill cannot include the equator without break! 
condition that the image is an open set in the surface. 

Note that the matrix computed is the transpose of the Jacobian as defined 
in the course. The domain of the patch x is a subset of E 2 and has dimen 
The rank of the Jacobian is the same as the dimension of the domain and i 

Notation This example introduces some notation that will be used consistently 







2 Patch computations 


Redd O’Neill: Chapter IV, Section 2, pages 133-140. 


Erratum O’Neill, page 136, the calculation of r~ 2 g(x) should read: 



In this section we show how patches provide a system of coordinates on a surface. 
We also start the process of abandoning patches as being rather restricting to work 
with and transfer our attention to parametrizations. These, roughly speaking, are 
patches with the one-one condition dropped. 

Parameter curves The idea behind the notion of parameter curves is simple: 
they are the images of the coordinate grid in the domain of a patch. 

There is a tight link between coordinates in E 2 , or some open subset D of E 2 , and 
the parameter curves on a surface. Suppose that 
x : D —► E 3 

is one of the patches defining a surface M. We can write the equation of a line 
through 

(wo,vo) 

in D , parallel to the 2 -axis as 
oi(t) = (wo, vo)+ <(1,0). 

The image of a under x is 

*(««)• 

By Definition 2.1, the velocity of x(a(t)) at t = 0 is 


But, because x is a mapping, the velocity of x(a(<)) is the image of the velocity of 
a under the derivative map x*. 

However, the velocity of a is 
<*'(<) = (1,0) 
everywhere on a. Hence 

x„(u 0 ,«o) = x„(l,0). 

Using the notation of 0 ’Neill for the coordinate functions of x, the Jacobian matrix 

(9xi. 9x,. ,\ 

^(uo,t>o) ■ 

9x 3 , . 9x 3 

Matrix multiplication by 

(o) and (?) 

then provides the expressions for the partial velocities near the bottom of page 134. 







has a parametrization that shows that it is a ruled surface. If we take the Monge 
patch suggested by the definition of M 
x(u,v) = (u, v,uv), 
then we can rewrite it as 

x(u, v) = (u, 0,0) + v(0,1, u) 

= fi{u) + v$(u), 

««) = («, 0,0), and *(«) = ( 0,1, ti). 

The fact that x can also be written as 
x(u, t>) = (0, v, 0) 4- «(!, 0, v) 

suggests that both the u and u-parameter curves are straight lines. Thus M is an 
example of a ‘doubly ruled’ surface. 

We shall come across a number of surfaces which are, in an intuitive sense, curved 
and yet, like M in the above example, are generated by straight lines. 

Exercise 2.1 O'Neill , page 140, Exercise 1. 

Exercise 2.2 O'Neill , page 140, Exercise 2. 

Exercise 2.3 O'Neill , page 140, Exercise 5. 

Exercise 2.4 O'Neill , page 141, Exercise 6. Ignore the last part. 

Exercise 2.5 O'Neill, page 141, Exercise 7. 

Exercise 2.6 O'Neill, page 142, Exercise 10. Ignore the request for a sketch. 
Exercise 2.7 O'Neill , page 142, Exercise 11. Ignore the request for a sketch. 
Exercise 2.8 O'Neill, page 143, Exercise 12. Last part as for the previous exercise. 
[Solutions on page 33 ] 

3 Functions and tangent vectors 


Redd O'Neill: Chapter IV, Section 3, pages 143-149. 


1 O'Neill, page 148, the statement of Lemma 3.8 should read as follows. 
If M : g = c is a surface in E 3 and if the gradient vector field 

Vf=£(&)«* 

(considered only at points of M ) is never zero, then it is a non 
vector field on the entire surface M. 

2 O'Neill, page 148, the first three lines of the proof of Lem 


n-vanishing normal 













(«,»)>—*(u(u,i>),v(u,v)), 


= x(F). 

by the composite rule for derivati' 
. = x,(F)F„ 

i rule that we are aiming for is obt 
form. To do so we need to use the 

= (h,h,h), 

= (91,92,93)- 

Jacobian matrices for x» and y, ai 

'dh dh 

du dv 

dh dh 

du dv 

dh dh 

- du dv 
t the columns are the partial veloci 



the composite rule gives 
dg 1 dgi\ I dh_ dh_ 

du dv du dv 

d92 dg, . . dh dh 

du dv K ’ ’ du dv 

dgs dgs dh df 3 
















5 Mappings of surfaces 


Read O'Neill: Chapter IV, Section 5, pages 158-164. 


Note: Theorem 5.4 and Example 5.5 will not be of any real importance in this 


We now turn to the problem of defining mappings between surfaces. Previously 
a mapping has simply been a differentiable function between Euclidean spaces. 
There is no difficulty about the idea of a function from one surface to another. 
What requires a little care is the definition of differentiability. 


Since two surfaces, M and N say, must each be defined by collections of patches, w< 
transfer the definition of diff 
and Definition 5.1 do this. 


This is the third application of ‘transfer to domains of patches’ to obtain definitions. 
If we summarize the definitions of differentiability in the three cases, the family 
resemblance may be clearer. 


Firstly, for a function / : M —► R, we have 


D-^M -Ur 


and differentiability of / is defined in terms of differentiability of the composite 

/x. 

Secondly, for a function F : E 3 —► M, we have 


and differentiability is defined in terms of differentiability of the composite 
x _1 F. 

The latest definition is a combination of these two. For a function F: M _► N 


and differentiability is defined in terms of the differentiability of the composite 
y~ 1 Fx. 

Having made the definition, there is the usual remark that it is sufficient to do the 
check for enough patches to cover both surfaces. 

Example 5.2 This example illustrates the fact that we usually work with paramet- 
rizations (rather than patches), in the knowledge that we could set up patches by 
using a suitable collection of domains. 

The rule, x, given for the geographical patch needs a domain restriction to prevent 
it being periodic. However, O’Neill acknowledges the problem in a comment and 
then ignores it! 

Probably the most important feature of this example is that it shows how mappings 
between surfaces are usually specified when we are working in E 3 . The mapping F 
is, effectively, defined by 

F(x(ti,t>)) = y(u,sin v). 

What we have done is to define the parameters of the image in terms of the param¬ 
eters of the point in the domain. That is, F is specified by giving the rule 
(u, v) i —* (u, sin i>) 
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,(«,») = (0,0,1). 


So 


y„ («, ™ ») = (- Sin «,COS U ,0) = F, (x„(«,»)), 
y„ (u, sin ») = (0,0,1), 


cosuy w (u, v) = (O.O.cosu) = F.(x„(u, „)). 


Warning: The displayed line in the middle of page 
very misleading. 

em is that the result displayed seems to be in 
: we obtained in the above example: 
>(*«(“,»)) = cosuy„(ti,sinti). 
io contradiction if you inspect the first par 
result applies to only the special case 
'u,«) = #’(x(u,»)). 



F„(x„(«,«)) = y u («,sinv), 

F.(x„(«,»)) = cosvy u (u,sinu). 

)efinition 5.6(1), 

(F* du)(x„(u, „)) = d U (F.(x„( U ,»))) 

= du(y„(u,sint;)) 

(F'du)(x„(u,v)) = du(F.(x v (u,v))) 

— du( cos u y„ («, sin v)) 

= 0. 

(F* dv)(x u (u, i>)) = dv(F*(x u (u, i>))) 

= dv(y u (u,sinv)) 

(F*dt,)(x l ,(u,i;))=rfv(n(x i; ( W ,t;))) 

= dv( cos u y w (u, sin v)) 

*our results completely define F*(du) and F*(dv). If we compare th< 
with the values of du and dv on the partial velocities on E, we see th 
F*(du) = du and F*(dv) = cosudv. 
an example of F* acting on a 2-form, we shall calculate 
F*(dudv). 

ng Definition 5.6(2) gives 

(F'(du,dv))(x„(u,u),x,{u,v)) = (d«*)(F.(x„(u,«)),F.(x„(«,*))) 
= (du dv)(y u (u,sinv), cos u y„ (u, sin i 
= cos u(du dv)(y n (u, sin »), y,(u, sin t 

noted earlier, a 2-form is completely determined by its effect on the p 
velocities. Since, on E, 

(du dv)(x u (u, v), x„(u, v)) = 1, 

(F*(du,dv))(x u (u,v),x,,(u,v)) = cosn(dndn)(x„( U ,n),x„(«, 0 )). 



Exercise 5.1 (This is a continuation of Example 5.2.) Let E be the unit sphere 
and C be the cylinder parametrized by 

y (u, «) = (*»«., sin «,<& 

respectively, and let F be the mapping from E to C defined by 
F(x(u,v)) = y(u,smv). 

Let <f> 1 and <j> 2 be the 1-forms defined on C as follows. If v p is a tangent vector to 
C at p = y(u, v), then 

<f>i(y) = v-yju.v), 


(a) Calculate the values of <f> l and <^> 2 on the partial velocities of y. Hence find the 
values of 

F*<f> 1 and F*<f> 2 
on the partial velocities of x. 

(b) Calculate 

(F*(^i A^ 2 ))(x„(u, ti),x„(u,»)). 


Exercise 5.2 Consider the surface M defined by the single patch 
x(u,v) = (u,v, uv), (u,»)eE 2 
and the mapping F from M to M defined by 
F(x(u ,»)) = x(u + v, u - v). 


The vector field V is defined on M by 

. *.(«,«) xx.( U ,») 


U(x(u,v)) = 


|Mu,n)xx„(«,v)|r 
The 2-form rj is defined on Mu follows. Suppose that v, 
vectors to M at the point p = x(ti, v). Then 
i?(v,w) = vxw£f(p). 


Find 


I 7 (x„(u,!>),x„(«,u)) 
and hence find 

(F* 9 )(x.(»,*).x.(«, 0 )). 
[Solutions on page 39 ] 


tangent 


6 Topological properties 


Read O'Neill: Chapter IV, Section 7, pages 176-180. 


We need one definition from the (omitted) Section IV.6 of O’Neill. 

Definition A 2-segment in a surface M is a differentiable mapping from a closed 
rectangle in E 2 to M. That is, a mapping x 
x : D —► M, 

where D = {(a, u) 6 E 2 : a < u < b, c < v < d}. 

26 




Exercise 6.1 (This exercise is based on O’Neill, pages 180-181, Exercise 7.) Let 
the curves /? and S be defined by 

/?(«) = (cos u, sin 0,0), 

{(«) = cos(u/2) i 8(«) + sin(«/2)C7 3 . 

We define the Mobius band M to be the image of the parametrization 
x(«,e) = /?(«)+ »<>(«), <u< 1. 

(a) Calculate the partial velocities and hence show that x is regular. You may use 
the results of Exercise 2, Section 2. 

(b) The point p = (1,0,0) lies in M, since 

p = x(0,0). 

Show that it is possible to find a value «o of u with the following properties. 
p = x(u o ,0), 
x u («o,0) = x«(0,0), 
x„(u o ,0) = -x„(0,0). 

Now, suppose that M is orientable so that there exists a non-vanishing normal 
vector field Z on M. 

Define a real-valued function / on M by 

/(*(«>«)) = x„(u, v) x x„(u, v) ■ Z(x(u, v)). 

(c) Explain why / is differentiable, and hence continuous. 

(d) Show that / must vanish somewhere on the parameter curve v = 0 and deduce 
that M is not orientable. 

[Solution on page 40 ] 


7 Summary 


Read O'Neill: Chapter IV, Section 9, pages 187-188. 


We have now extended most of the ideas from calculus on E” to surfaces in E 3 . 
One or two definitions still need to be made, including that of covariant derivative. 
However, these will be based on the definition of 
v P [/] and V[f] 

for surfaces. (Just as they were in E n .) 

A number of useful principles have been established. The most useful are probably 
the following. 

(a) Where possible, work in terms of the partial velocities. 

(b) All forms of directional derivative with respect to the partial velocities reduce 
to partial differentiation with respect to the parameters. 

(c) Showing equality of forms is best tackled by evaluating on the basis consisting 
of partial velocities. 

The partial velocities of patches, and of parametrizations, have played a central 
role in this text and will continue to do so in the next. 
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8 Appendix: integration 


Read O’Neill: Chapter IV, Section 6, pages 167-173. 

This appendix is included in case you have been wondering about the link between 
differential forms and integration. 

In the integrals that you have met, for example Ml01, M203 and MST204 

J 2 xdx, 

the expression after the integral sign is what we are now calling a 1-form. More, 

2 xdx = d(x 2 ), 

this particular 1-form is the exterior derivative of a function (0-form). 

We can express the evaluation of the above integral as follows: 

= Mi 

= (* 2 )(1) - (* 2 )(0) 

= 1-0 = 1 . 

This suggests that we could state the Fundamental Theorem of Calculus as follows. M101 and M20S 
If <l> is a 1-form on R and 
<t> = df 

for some function / : R —► R, then 

The definitions in this section of O’Neill seek to extend this definition in two ways. 

Firstly, to cases where <f> is a 1-form on a surface. Secondly, to integration of 2-forms. 

The first extension is the content of Definition 6.1. In the special case that the 1- 
form is the exterior derivative of a function we obtain Theorem 6.2 as an extension 
of the Fundamental Theorem of Calculus. 

Definitions 6.3 and 6.4 and Theorem 6.5 provide the extension to 2-forms. 

We shall not set any exercises on this section but the following worked example 
provides some motivation for one of the 2-forms that will be of concern later on. 

Example In this example we shall consider the unit sphere E, parametrized by 
x u (u, v) = (cos u cos v, cos u sin v, sin u), (u,«) 6 E 2 . 

We note that, by defining a suitable collection of subsets of E 2 , we could use x to 
create a covering of proper patches for E. 

We now construct a unit normal vector field on E by using the partial velocities. 




























f) • Xv(a, v) = 0, 


tting these results toget 

a’-x./||x.| = v'2(e% 

= v^e*, 

«:-x./|M = *'x2/v 
= V5e*. 

us or' makes equal angle 



lution 3.5 

order to apply the result 



*.(«.*>) = (1,0,.), 


=(2«,2ii,4« 3 ), 
y„(u,v) = (2v,-2v,-i. 





.0,*)-(1,0,1 


y u (u,v)=x u (u* + v 2 ,u 2 -v 2 )x2u 

= 2u(l, 0, u 2 — v 2 ) + 2u(0,1, tt 2 + v 2 ) 
= (2u, 2u, 4u 3 ). 







Solution 4.1 

We can show equality of 2-forms by evaluating them on a 
pair of linearly independent vectors at each point of the 
surface. For each patch x in the surface, we have 
(<f> A V0(X U , X v ) = ^(Xu)^(Xv) - ^(x„)^(x„) 

= -W(x.)*(x.) - ?(.(x v )^(x„)) 

= ~(^A^)(x.,x„). 

Note: We have chosen to use the partial velocities, you 
could have chosen any pair (v, w) of linearly independent 
tangent vectors at each point. The details of the 

Solution 4.2 

We shall need the partial velocities, so we calculate them 
first. 

Xu = (1,0, w), 

*. = (o,M). 

(a) By inspection of the first two coordinates we have 
p = (-l,3,a=x(-l,3). 


= l+v 2 . 

^(x») = x„(ti, t>) • x u (u, v) 

= (0,1,«) • (1,0, v) 

^(x„)=x u (u,t>)-x«(ti,») 
= (1,0, v) • (0,1, u) 

V’(Xw) = X w (u, v) • X v (u, v) 
= (0,1,«) • (0,1,«) 
= l + u 2 . 

(d) We have 

^(x w ) — {udu + b dv)(x u ) 
= adu{x u ) + bdv{x* 


v ) = {adu + bdv)(x v ) 
= adu(x v ) +bdv(x v 


Comparing these to the result 

Thus 


<f> = (1 + v 2 )du -f uv dv. 

(e) If we assume that 

then exactly the same method 


t!) = uv du + (1 + u 2 )dv. 


Solution 4.3 

Applying the results obtained above: 

4> A + = ((1 + v 2 )du + uv dv) A {uv du + (1 + u 2 )dv) 
= (1 + v 2 )(l + u 2 )du dv + (uv){uv)dv du 







(F'M(x„(u,v)) = j 1 (F,(x.(«,v))) 


(f> 2 )(x„(«,»)) = ^(f.(x„(u,«))) 


».(»,.) xx.(«,«) = ( -»,-«,!), 

||x„(»,«l) X Xv(tt) t>)[| = y/l + u 2 +v 2 . 

Thus 

1 " VI + n 2 +1> 2 

!|(x„(tl,1)),x„(tl,»)) = x„(tt,») x x«(w, v) -U(x(u,< 

= )•£!(*(«,»)) 


In order to find F , i), we shall need F,( x u) and F.(x 
Using partial differentiation and the chain rule, we o 


x(«+»,«-t,) 

. „ „ ,. a(« + «) 




(F*ff)(x«(«,«), x.(«, „)) = y(F'(x u (u ,„)), F.(x.(«,. 



) - 1 X 1 + »,'« - ®),X„(« 

m+«,«-«),x.(« + «,«-.)) 

(« + *)* + (»-,)> 


x(0,0)=x(2x,0) = (l,0,0) 
x„(0,0) = (0,1,0), 
x„(2x,0) = (0,1,0), 

I) x„(0,0) = (1,0,0), 
x„(2x,0) = (-1,0,0). 

It follows that 

Xu(0,0) x x„(0,0) = —x M (2ff, 

definition of / are differentiable i 
/(x(«, v)) = x u (u, v) X x„(tl, 1 
using only multiplication and ad< 


cos(a/2)) sin u — (n/2)sin(n/2)co: 
;(«/2)) cos u-(n/2)sin(u/2) sinu, 
:•/*)); 

) cos u, cos(u/2) sin tt,sin(«/2)). 

: for regularity is probably that gi\ 
cpression EG — F 2 . Careful algebr 


j(2x)=/(x(2x,0)) 

= Xu(2x, 0) x x„(2x, 0) • Z(x(2x, 0)) 
= -x„(0,0) X x„(0,0) • Z(x(0,0)). 

It follows that, because g changes sign, it mi 









